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Abstract: 

In many fields of research and technology, magnetic field of h igh degree of uniformity is an essential need. Classical way of  

generation of controllable uniform magnetic field is Helmholtz coil system. However it is not always possible to use Helmholtz co il 

due to the structural constraints of circular co ils. This paper presents the mathematical analysis of homogeneous magnetic field  

produced by two, three, four and five square coil systems. It presents a technique to compute optimum placement and ampere tu rns of 

each coil for homogeneous magnetic field. The analytical results are compared with simulat ions on the MATLAB software.  
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I. INTRODUCTION 

 

In biomedical experiments, calib ration of magnetometer, earth’s 

magnetic field compensation, in diagnosis of cancer [1] and MRI 

(Magnetic resonance imaging) controlled magnetic field is used. 

Specifically in  applicat ion such as MRI [2] and applications like 

degaussing and deperming, uniformity of magnetic field is of 

great importance. Slight non-uniformity of magnetic field may 

lead to disastrous results and inefficiency of the system. 

Therefore it becomes very important to generate magnetic field 

with very  good uniformity. A classical way  of generating 

uniform magnetic field is by using Helmholtz’s coil, which 

consists of two circular coils connected in series and separated 

by radial d istance. However, Helmholtz’s coil has two major 

limitat ions. Firstly, it  produces uniform magnetic field for a very 

small region  about the center of the coil. The volume of this 

region is very small as compared to the total volume of the coil 

system [4]. Secondly, if rad ius of circular co il becomes greater 

than 25cm, it becomes difficult to manufacture them and 

becomes tedious to maintain their shape [5]. The one possible 

solution to above mentioned problem is to use square coils. 

There is relatively s mall loss in uniformity of magnetic field; if 

square coils are used instead of circular coils. However this loss 

in uniformity of magnetic field is pretty insignificant. Software 

simulation of circular Helmholtz coil and square Helmholtz co il 

is carried out using MATLAB software and it is verified that 

loss in uniformity of magnetic field is only 0.00675 %, when 

square coils are used. It  is found that uniform magnetic field can 

be generated for a comparat ively larger reg ion by using more 

number of square coils [1]. Therefore in application where large 

volume of uniform magnetic field  is needed, use of square coil 

system will be advantageous over the use of circular coils. This 

paper presents a technique of mathematical analysis of two; 

three, four and five square coil systems.This involves 

computation of optimal positioning and ampere turn ratios in 

each of the coil to obtain the maximum possible uniformity. The 

organization of paper is in fo llowing manner: Section II deals 

with basic mathematical abstract required  for the background, 

Section III deals with  mathematical modeling o f two, three, four 

and five square coil systems. Section IV shows the simulation o f 

uniformity of magnetic field using MATLAB for each of the coil 

systems presented. Finally in section V, a brief table is presented 

to summarize the all other parameters and uniformity. 

 

II. HOMOGENEITY 

 

To find the magnetic field produced by any current carrying 

conductor, Biot - Savart’s law[6] is used. For a single square coil 

with side ‘d’ , magnetic field  at any point situated along the axis 

at distance z is given by, 

 

                       
Where µ is permeability of the intervening medium within the 

coils In general, Magnetic field of any coil system can be found 

out by using superposition theorem. Since here magnetic field 

along a single is axis is considered, therefore scalar summation 

of magnetic field is taking instead of vector summation of 

magnetic field due to each coil. In case of higher dimensional 

coil structures, vector summation of magnetic field should be 

taken. There are various mathematical tools that can be applied 

in order to analyze the spatial effect of magnetic field such as 

Legendre’s polynomials, Taylor series expansion and Mclaurian 

series expansion. To reduce the complexity of mathematics 

involved in analysis, Mclaurian series is used. Using Mclaurian 

series expansion [7], magnetic field of any co il system at any 

point can be expressed in terms of distance z as  

 

                                                             (2) 

 

Where   is coefficient of nth order term 
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The field is said to be uniform over a region of space, if it is 

independent of the position of the point from the center of coil. 

The terms containing powers of z are the terms  which cause 

non-uniformity in magnetic field. For the field inside the coil to 

be perfectly uniform, we should get only coefficient C0 i.e. B(z) 

should be completely  independent of ’z’. This occurs only  when 

coefficients C1,C2,C3.... etc are reduced to zero. Therefore the 

spacing and number of turns of the coils are computed in such a 

way that maximum number of coefficients are reduced to zero 

[8]. However, for making each coefficient zero, there exist a 

unique combination positioning and current in coils. Therefore 

all coefficients cannot be zero at the same time. But using more 

number of coils many coefficients can be reduced to zero 

simultaneously. The number of coefficients that can be reduced 

to zero is equal to the degree of freedom i.e. the number of  coils. 

Therefore as the number of coils increases, the number o f 

coefficients which can be reduced to zero also increases.To 

calculate the uniformity of the magnetic field analytically,  

 

 
 

Where Bmax is maximum magnetic field, Bmin is min imum 

magnetic field, Bavg is average magnetic field and h is uni-

formity of the field. Analytical results obtained are compared  

with simulation results on MATLAB. 

 

III. FIELD GENERATED DUE TO DIFFERENT COIL 

SYSTEM 

 
A. Square two coil system 

 

Now consider a case of two coil system with square coils. Let d 

be the length of side of the square coil used. Let I and I’ be the 

current flowing through the coils. Applying formula for square 

coil to the system shown in fig.1. We get, 

 

 
Figure.1.Two Square Coil System 

 

 
Now as per argument done in section II, we have 

 
On Solv ing we get polynomial as,  

 
First order derivative term of magnetic field at origin is equated 

to zero which gives, I = I’. Similarly we have 

 
Which gives, 

 
Second order derivative of field at orig in is equated to zero, we 

get six solutions of this equation. Out of which four solutions are 

complex, one solution is negative and only one of it is possible 

which is b = 0.272276d  

The equation for maximum magnetic field at origin fo r square 

two coil system is given by, 

 

 
B.  Square three coil system 

 

 
FIGURE. 2.THREE SQUARE COIL S YSTEM 

 

Now as per argument done in section II, we have in above case, 

the spacing of the coils and ampere turn are ad justed in such a 

way that first order and second order derivatives are reduced to 

zero. However, higher order terms are not considered. Due to 

presence of these higher order terms, abnormalities in magnetic 

field are generated. Subsequent studies showed that higher order 

terms can be made zero by using more number of coils. One co il 

is present at the origin  and other two co ils are present at a 

distance 'a' from the origin. Let I be the current in central coil 

and I’ be the current flowing through the other two coils as 

shown in fig.2. Now using superposition theorem, the magnetic 

field because of these three coils at any point situated at the 

distance of z from the centre of coil is given by, 
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Due to symmetry  in structure of co il system, all odd term 

coefficients in Mclaurian series expansion are zero. Since one 

more degree of freedom is added, therefore second order and 

fourth order derivative terms are reduced to zero. The ratio o f 

currents I’/I can be found out by equating the second derivative 

to zero at z = 0. 

 For simplification of equation, assume a/d = p.  

 

 
Similarly, fourth derivative comes out to be a polynomial in p, I 

and I’. When value of above I’/I is substituted, we get a 

polynomial in terms of only p of order 14. 

 

 
 

 There are 14 roots of the equation out of which two roots are 

located at origin, ten roots are complex, one is negative and only 

one is acceptable. 

 

 
FIGURE. 3. GRAPHICAL SOLUTION TO THREE COIL 

SYSTEM 

 

On solving the above equation we get p = 0:4105580049, which 

is also obtained graphically by  plotting cost function vs. a/d as 

shown in fig.3. I.e. b = 0:4105580049d Substituting this value of 

p in I’/I we get,  

 

I’/I  = 1.950 

 

The equation for maximum magnetic field at origin for three co il 

system is given by, 

 

 

C.  Square four coil system 

 

Consider four identical square coils placed symmetrically 

around origin. Let 'a ' and ' b' be the distance of coils from the 

origin in such a way that b>a. Let I and I’ be the currents in 

inner and outer pair of coils respectively as shown in fig.4. 

Magnetic field B at any point situated at distance z is given by 

 

 
FIGURE.4.FOUR SQUARE COIL S YSTEM 

 

 
 

Since coils are symmetrical, all odd term coefficients will be 

reduced to zero. Therefore, taking second order derivative and 

equating it to zero at z = 0 

 
For simplificat ion, assume p = a/d and q = b/d.  

On solving we get a polynomial in terms of p, q, I and I’. From 

this equation we can extract value of I’ in terms of p, q and I.  

 
Now substitute this value of I’/I into fourth order derivative and 

sixth order derivative at z = 0 due to two additional degree of 

freedom as compared to Helmholtz co il. Therefore sixth order 

derivative and fourth order derivative becomes function of p and 

q at z = 0 when it is equated to zero. After substituting I’/I in 

fourth order and sixth order derivative, they become 

polynomials of order 24 and 38 respectively. These are higher 

order nonlinear non-convex optimization functions which can be 

solved using numerical techniques or graphical method. One 

graphical way to solve this problem is plotting both curves of 

fourth order derivative and sixth order derivative and then 
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finding their intersection. However, this method is analytically 

difficult and computationally intensive. 

 

 
FIGURE. 5.COST FUNCTION OF FOUR COIL S YSTEM 

OPTIMIZATION EQUATION 

 

Now for the optimum solution of these two equations, ideally 

both of them should be reduced to zero. However pract ically it 

shall approach to a small value. Therefore for optimum value of 

p and q, sum of absolute value of sixth and fourth order 

derivative must be minimum. As the order of magnitude of both 

cost functions are different, therefore cost function with higher 

magnitude will become dominant. To avoid this, we normalize 

both the cost function before subjecting to the optimization.  

 
Where y(p, q) is normalized cost function to minimize.  

Graphical solutions for p and q are shown in fig.5 there exist 

many other optimal solution but we are choosing this solution so 

that we can have convenient access of volume inside the coil 

system. The solution obtained is, 

 

p = 0.1281 and q = 0.5055 

 

Using appropriate numerical technique, these equations can be 

optimized and hence global min ima can be obtained. This g lobal 

minima corresponds to a value of p = 0.1281065152 and q = 

0.5054919483 

 

a = 0.1281065152d and b = 0.5054919483d  

 

Substituting these values of p and q into (13) we get current rat io 

as, 

 
The equation for maximum magnetic field at center of coil 

system for four coils is given by 

 
 

D. Square five coil system 

 

As we have seen in previous cases, as the number of coils 

increases the order of equation which  is to be optimized 

increases. These equations are highly non linear, non convex and 

very tedious to solve with numerical techniques. 

 

 
FIGURE. 6. SQUARE FIVE COIL S YS TEM 

 

In five coil system, one coil is placed at o rig in and other four are 

placed symmetrically around the orig in in  such a way that all 

coils are equidistant as shown in fig.6. By fixing the position of 

the coils, the structure resembles the shape of cube, which saves 

lot of computational work. Let B0(z) be the magnetic field due to 

the coil placed at  origin. Similarly B1(z) and B2(z) be the 

magnetic field  due to inner pair and outer pair of coils. Let  N1 

and N2 be the ampere-turn ratio of inner and outer coil 

respectively. At any point, the magnetic field is given by 

superposition theorem. 

 

B(z) = B0 + N1B1(z) + N2B2(z) 

 

Now to evaluate N1 and N2 , three values of z are chosen in such 

a way that, magnetic field at those points are same. For Ruben’s 

coil, values of z are 0, 0.15d and 0.25d. On substituting and 

solving we get N1 and N2 as 0.4085 and 1.9264 respectively i.e . 

Ratio of number of turns of inner coils to number of turns of 

central coils is 0.4085 and the rat io of number of turns of outer 

coils to that of central coil is 1.9264 The equation for maximum 

magnetic field at origin for five coil system is given by, 

 

 
IV. SIMULATION RES ULTS  

 

Axial uniformity of the two, three, four and five coil system is 

verified  using MATLAB software. All simulations were 

performed to generate a magnetic field of 10 µT at centre. All of 

the square coil used in the simulation have side length of one m 

.Uniformity observed is within the 50 percent of total axial 

length.  

 

A. Uniformity in square two coil system 

 

The maximum magnetic field obtained at the centre of the two 

coil system is 9.998 µT. The minimum magnetic field in the 

region of interest is 9.957 µT. The uniformity so obtained is 

99.5870 % as depicted in figure 7.  
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FIGURE.7.AXIAL UNIFORMITY IN SQUARE TWO 

COIL S YS TEM 

 

The spatial variation of magnetic field  within 50 % axial length 

of the two coil system is shown in figure 8. It can be observed 

that magnetic field  is uniform in this region with very less 

amount of non-uniformity. 

 

 
FIGURE. 8.UNIFORM REGION OF SQUARE TWO COIL 

SYSTEM 

 

B. Uniformity in square three coil system 

 

The maximum magnetic field obtained at the centre of the three 

coil system is 9.999 µT. The minimum magnetic field in the 

region of interest is 9.979 µT. The uniformity obtained in this 

case is 99.8048 % as shown in figure 9. The three dimensional 

spatial variation of magnetic field is depicted in fig 10. As 

discussed in previous section, as the number of coils in-creases, 

the degree of freedom increases. This allows more number of 

coefficients in Mclaurian series expansion to be reduced to zero. 

Hence uniformity in higher order coil system improves. 

 

 
FIGURE.9.AXIAL UNIFORMITY IN SQUARE THREE 

COIL S YS TEM 

 
FIGURE.10.UNIFORM REGION OF SQUARE THREE 

COIL S YS TEM 

 
C. Uniformity in square four coil system 

 

In case of square 5 coil system, we did not minimize the 

coefficients of the Mclaurian series expansion. Instead we 

computed number of ampere turns in each coil in such a way that 

some of the points in the region of interest are having same 

magnetic field  as that of the center of the system.  Th is induces 

non-uniformity inside the region of interest which is appearing as 

harmonics inside the field. However the relative amplitude of 

these harmonics are so small that this non-uniformity can be 

neglected. The relative magnitudes of peak of these harmonics 

are as small as 0.0228 % of the magnetic field at the center. 

 

 
FIGURE.11.AXIAL UNIFORMITY OF SQUARE FIVE 

COIL S YS TEM 

 

 
FIGURE.12.UNIFORM REGION OF SQUARE FIVE COIL 

SYSTEM 
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V. CONCLUS ION AND FUTURE SCOPE 

 

The analyzed coil systems are very useful to generate uniform 

magnetic fields. Helmholtz coil is useful when uniform magnetic 

field is required over a small region. Four Square coil systems are 

used to obtain large region of uniform magnetic field. Four coil 

system gives better results than three coil system. The proposed 

coil systems can be used to simulate any magnetic field strength 

with appropriate values of currents. These coil systems when 

placed in all the three direction can control the tri-axial magnetic 

field very precisely. Triaxial magnetic field generation over a 

large volume is required for biomedical applications, marine 

electromagnetic processes, MRI etc.  
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